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L p estimates for the wave equation associated
to the Grushin operator

KAUR JOTSAROOP AND SUNDARAM THANGAVELU

Abstract. We prove that the solution of the wave equation associated to the
Grushin operator G = �1� |x |2@2t is bounded on L p(Rn+1), with 1 < p < 1,

when
�� 1
p �

1
2
�� < 1

n+2 .
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1. Introduction

Consider the solution of the initial value problem

@2t u(x, t) = 1u(x, t), u(x, 0) = 0, @t u(x, 0) = f (x)

for the standard wave equation associated to the Laplacian on Rn. Representing the
solution as u(x, t) =

sin t
p

�1
p

�1
f (x) one can investigate the L p mapping proper-

ties of sin t
p

�1
p

�1
. This problem has been studied by several authors: Peral [9] and

Miyachi [5] have obtained the sharp range of p, viz.
�� 1
p �

1
2
��


1

n�1 , for which
sin t

p

�1
p

�1
is bounded on L p(Rn). Other L p-Lq estimates were considered, e.g., by

Strichartz [12]. The case of the Hermite operator �1 + |x |2 has been treated by
one of us [7], and more general operators of the form �1 + V by Zhong [16]. In
all these cases the optimal range of p for which the solution operator is bounded on
L p(Rn) is known.

All the operators mentioned above are elliptic, but results for operators from
the subelliptic case are also available. The wave equation associated to the sub-
laplacian L on the Heisenberg group Hn has been studied by Müller and Stein [6].
They have shown that the solution operator sin t

p

L
p

L is bounded on L p(Hn) for all p
satisfying

�� 1
p �

1
2
�� < 1

d�1 where d = 2n+1 is the Euclidean dimension ofHn. The
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